Abstract. The question under consideration is Gevrey summability of formal power series solutions to the third and fifth Painlevé equations near infinity. We consider the fifth Painlevé equation in two cases: when αβγδ = 0 and when αβγ = 0, δ = 0 and the third Painlevé equation when all the parameters of the equation are not equal to zero. In the paper we prove Gevrey summability of the formal solutions to the fifth Painlevé equation and to the third Painlevé equation, respectively.
GENERAL THEORY
Let V be an open sector with a vertex at infinity on the extended complex plane or on the Riemann surface of the logarithm, such that V = V (ϕ 1 , ϕ 2 ) = {z : |z| > R, Arg z ∈ (ϕ 1 , ϕ 2 )}, ϕ 1 , ϕ 2 ∈ R, z ∈ C; let w be a function holomorphic on V andŵ = A function w is said to be asymptotically approximated by a seriesŵ on V (ϕ 1 , ϕ 2 ) if for the points z of any closed subsector Y of V and for any n ∈ N there exist the constants M Y,n > 0: 
. . , Y n ) being an analytic function of n + 2 variables let us consider an equation
where [9, 10] , B. Malgrange [6] in different cases). Letŵ ∈ C[[z]] 1/k be a solution to the equation (1.1). Then there exists k > 0 such that for every open sector V (ϕ 1 , ϕ 2 ) with the vertex in the infinity, having an angle |ϕ 2 − ϕ 1 | less than min(π/k, π/k ) and for a sufficiently big R there exists a function w, being a solution to the equation (1.1) which is asymptotically approximated of Gevrey order 1/k by a seriesŵ.
The next theorem contains conditions on the Newton open polygon. We will describe the process of its construction for a linear differential operator
Consider a set of points on the plane: (k, j k ), k = 0, . . . , n, called a support of the operator L. We define a set
and then we construct a convex hull of this set in the half-plane The previous Theorem 1.2 is formulated for a general nonlinear differential equation and its formal solutionŵ.
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In a particular case ∂G ∂Yn (z,ŵ, , . . . ,ŵ (n) ) = 0, a Newton polygon of this equation (1.1) on a formal solutionŵ can be constructed (Remark A.2.4.3 of [12] ) as a polygon of a linear operator
We can show that the operator L 0 (1.2) coincides with the operator M used to construct exponential expansions of solutions via the methods of Power Geometry [2] .
n dz n in a vector space of linear differential operators. We can check that the element b j, k is equal to b j, k = S(j, k), where S(j, k) is a Stirling number of the second kind ( [13] ).This assertion is easily proved by induction using the fact that the elements of the matrix satisfy an equation
The transition matrix is lower triangular, the diagonal elements are equal to one (S(j, j) = 1). An inverse matrix (b j,k ) is also lower triangular, its elements are equal to
, where s(j, k) is a Stirling number of the first kind ( [13] ). Let
An operator (1.2) can be rewritten using z k d k dz k (we use designation δ j,l for the Kronecker delta):
and this expression is a first variation of a differential sum F . Being calculated on a seriesŵ, it coincides with an operator M from [2] . Let us recall that a formal first variation of a differential sum g(z, w) is a linear differential operator
n dz n defined by the following formulae:
The conclusion is -to construct a Newton polygon of the equation F (z, w, zw , . . . , z n w (n) ) = 0 on a solutionŵ we need to perform the following steps: We use a Newton polygon considered in [12] to calculate the Gevrey orders but it can be easily shown that the Gevrey order of the solution can be calculated via constructing a polygon of the eqaution used in Power Geometry ( [1] ). To calculate the order we should:
1) perform a transrormation u = log y in the operator M(z) ( [2] ), applied to u; 2) reduce an expression by u; 3) construct a polygon for the differential sum obtained.
In the conditions of Theorem 1.2 the tangents are replaced by cotangents.
THE FIFTH PAINLEVÉ EQUATION
We consider the fifth Painlevé equation
where α, β, γ, δ are complex parameters, z is an independent complex variable, w is a dependent one, and we consider its formal power series solutions near infinity. These solutions are obtained in the work [5] . If αβγδ = 0, there exist the following five formal power series solutions:
2)
3)
If αβγ = 0, δ = 0 there exist the following four expansions:
The coefficients c s , c s,l ∈ C, l = 1, 2, 3, 4 are uniquely determined constants, i.e. if we fix the values of the parameters α, β, γ, δ, these coefficients are uniquely determined as solutions of a non-degenerate system of linear equations.
If γ = δ = 0, the fifth Painlevé equation can be solved directly. 
We take insteadŵ the series (2.2), (2.3), (2.4) in course. If the principal part is not equal to zero, we can easily obtain the case of a zero principal part using a transformation; we speak about the Gevrey order of the regular part of the series. the support of such an operator consists of the points (0, −1), (1, 1), (2, 1), the Newton polygon is shown in Figure 1 .
